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FIELDS OF DIMENSION ONE ALGEBRAIC OVER A
GLOBAL OR LOCAL FIELD NEED NOT BE OF TYPE (C1)
I.D. CHIPCHAKOV
Abstract. Let (K, v) be a Henselian discrete valued field with a quasifi-
nite residue field. This paper proves the existence of an algebraic exten-
sion E/K with the following properties: (i) E has dimension dim(E) ≤
1, i.e. the Brauer group Br(E′) is trivial, for every algebraic extension
E′/E; (ii) no finite extension of E is a C1-field, in the sense of E. Artin
and Lang. This, applied to the case where K is the maximal algebraic
extension of the field Q of rational numbers in the field Qp of p-adic num-
bers, for a given prime number p, proves the existence of an algebraic
extension Ep of Q, such that dim(Ep) ≤ 1, Ep has a Henselian valuation
with a residue field of characteristic p, and Ep is not a C1-field.
1. Introduction and statement of the main result
A field F is said to be of dimension ≤ 1, if the Brauer groups Br(F ′) are
trivial, for all algebraic field extensions F ′/F . It is well-known (cf. [18], Ch.
II, 3.1) that dim(F ) ≤ 1 if and only if Br(F ′) = {0} when F ′ runs across
the set Fe(F ) of finite extensions of F in its separable closure Fsep. When
F is a perfect field, dim(F ) ≤ 1 if and only if the absolute Galois group
GF := G(Fsep/F ) is profinite of cohomological dimension cd(GF ) ≤ 1.
We say that F is of type (Cr) (or a Cr-field), for some r ∈ N, if every
F -form (a homogeneous nonzero polynomial with coefficients in F ) f in
more than deg(f)r variables, deg(f) being the degree of f , has a nontrivial
zero over F . In order that F be a Cr-field, it is necessary that char(F ) =
q ≥ 0, and in case q > 0, the degree [F : F q] of F as an extension of
its subfield F q = {βq : β ∈ F} be at most equal to qr. The class of Cr-
fields is closed under the formation of algebraic extensions, and contains the
extensions of transcendency degree r over any algebraically closed field (cf.
[14]). Note that fields of type (C1) have dimension ≤ 1 but the converse
is not necessarily true in nonzero characteristic; one can take as a counter-
example any separably closed field Φ with char(Φ) = q > 0 and [Φ: Φq] > q
(see [18], Ch. II, 3.1 and 3.2). The restriction on the characteristic has been
lifted by Ax [2], by providing an example of a quasifinite field F (so having
dim(F ) ≤ 1), such that char(F ) = 0 and F is not a Cr-field, for any r ∈ N.
This example is in sharp contrast to the Chevalley-Warning theorem (see,
e.g., [9], Theorem 6.2.6), which establishes the (C1) type of finite fields.
As noted by Serre in [18], Ch. II, 3.3, it is not known whether an alge-
braic extension E of the field Q of rational numbers is of type (C1), in case
dim(E) ≤ 1; he has added there that this is not likely to hold in general.
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The purpose of this paper is to answer the question arising from Serre’s
remark, in the direction pointed above, by proving the following:
Theorem 1.1. For each prime number p, there exists an algebraic extension
Ep of the field Q of rational numbers, such that dim(Ep) ≤ 1, there exists a
Henselian valuation v of Ep with a residue field Êp of characteristic p, and
the finite extensions of Ep are not C1-fields.
Theorem 1.1 is obtained as a special case of the main result of the present
paper. Before stating it, note that by a Henselian valuation of a field K,
we mean a Krull valuation v which extends uniquely, up-to equivalence, to
a valuation vL on each algebraic extension L of K. We use the abbreviation
HDV-field, for a Henselian discrete valued field. With this notation, our
main result can be stated as follows:
Theorem 1.2. Let (K, v) be an HDV-field with a quasifinite residue field.
Then there exists an extension E of K in Ksep, such that dim(E) ≤ 1 and
finite extensions of E are not C1-fields. Moreover, E can be chosen so that
there be a sequence fn, n ∈ N, of E-forms which do not possess nontrivial
zeroes over E and are subject to the following restrictions:
(a) The degrees deg(fn) := pn, n ∈ N, form a strictly increasing sequence
of prime numbers, and for each index n, fn depends essentially on exactly
pnkn variables, for some kn ∈ N with 2 ≤ kn ≤ (pn − 1)/2.
The proof of Theorem 1.2 is presented in Section 3. Here we show that
Theorem 1.2 implies Theorem 1.1. Denote by P the set of prime numbers,
and for each p ∈ P, let Kp be the relative separable closure (i.e. the maximal
separable extension) of Q in the field Qp of p-adic numbers. It is known
(cf. [7], Theorem 15.3.5) that the valuation, say ωp, induced on Kp by the
standard valuation of Qp is Henselian and discrete, and the residue field
K̂p of (Kp, ωp) is a field with p elements. Hence, by [13], Theorem 3.16,
Kp is not embeddable in the field R of real numbers, and by Theorem 1.2,
it has an algebraic extension Ep with the properties required by Theorem
1.1. The question of whether an algebraic extension E of Q satisfying the
condition dim(E) ≤ 1 is a Cν-field, for some integer ν ≥ 2, remains open.
It is worth noting in this connection that, by examples given by Arkhipov
and Karatsuba [1], the fields Qp, p ∈ P, are not of type (Cν), for any ν ∈ N.
Similarly, if Fp(X) is the rational function field in an indeterminateX over
the field Fp with p elements, Kp is the relative separable closure of Fp(X)
in the formal Laurent power series field Fp((X)), and ωp is the valuation
of Kp induced by the natural discrete valuation of Fp((X)), then (Kp, ωp)
is an HDV-field. Therefore, any extension Ep of Kp in Kp,sep with the
properties claimed by Theorem 1.2 is an algebraic extension of Fp(X), such
that dim(Ep) ≤ 1 and finite extensions of Ep are not C1-fields (unlike the
zero characteristic case, it is known that they are C2-fields, see [14]). It
is also worth mentioning that [Ep : E
p
p ] = p, i.e. Ep satisfies the necessary
condition for being a C1-field stated at the beginning of this Section.
The basic notation, terminology and conventions kept in this paper are
standard and virtually the same as in [6]. Throughout, Brauer and value
FIELDS OF DIMENSION ONE 3
groups are written additively, Galois groups are viewed as profinite with
respect to the Krull topology, and by a profinite group homomorphism, we
mean a continuous one. For any field extension E′/E, we denote by I(E′/E)
the set of intermediate fields of E′/E. When E′/E is a Galois extension,
G(E′/E) denotes its Galois group. A field F is called almost perfect, if every
finite extension of F contains a primitive element; this condition holds if and
only if char(F ) = q ≥ 0, and in case q > 0, the degree [F : F q] equals 1 or
q. As usual, a Zp-extension means a Galois extension Ψ
′/Ψ with G(Ψ′/Ψ)
isomorphic to the additive group Zp of p-adic integers. For any field E, E
∗
is its multiplicative group, E∗n = {an : a ∈ E∗}, for each n ∈ N, and for
each p ∈ P, Br(E)p is the p-component of Br(E).
Here is an overview of this paper: Section 2 includes valuation-theoretic
preliminaries used in the sequel as well as a brief account of some char-
acterizations of fields of dimension ≤ 1. As noted above, Theorem 1.2 is
proved in Section 3. Our proof is a modification of the one of the Theo-
rem of [2], given in [3]; specifically, the forms violating the C1 condition
are defined by essentially the same pattern in both proofs. In Section 4 we
turn our attention to some special fields of dimension ≤ 1 that are Galois
extensions of Q. One of these is the minimal subfield, called E again, of
Qsep, which contains a primitive p-th root of unity, for each p ∈ P. It is
shown that dim(E) ≤ 1 and every nontrivial valuation v of E is discrete
with an algebraically closed residue field. Applying finally Lang’s theorem
[14] to E-forms in more variables than their degrees (viewing them over the
completion of E with respect to the topology induced by v), we prove that
E will be a C1-field if and only if it turns out that the considered E-forms
are subject to the Hasse principle.
2. Preliminaries
For any field K with a (nontrivial) Krull valuation v, Ov(K) = {a ∈
K : v(a) ≥ 0} denotes the valuation ring of (K, v),Mv(K) = {µ ∈ K : v(µ) >
0} the maximal ideal of Ov(K), Ov(K)
∗ = {u ∈ K : v(u) = 0} the mul-
tiplicative group of Ov(K), v(K) the value group and K̂ = Ov(K)/Mv(K)
the residue field of (K, v), respectively. In order that v be Henselian, it is
sufficient that v(K) embeds as an ordered subgroup in the additive group
R of real numbers and K is relatively separably closed in its completion Kv
with respect to the topology induced by v (cf. [15], Ch. XII). The Henselian
property of v is characterized by the fulfillment of any of the following 2
equivalent conditions (cf. [7], Sect. 18.1, and [15], Ch. XII, Sect. 4):
(2.1) (a) Given a polynomial f(X) ∈ Ov(K)[X] and an element a ∈
Ov(K), such that 2v(f
′(a)) < v(f(a)), where f ′ is the formal derivative of f ,
there is a zero c ∈ Ov(K) of f satisfying the equality v(c−a) = v(f(a)/f
′(a));
(b) For each normal extension Ω/K, v′(τ(µ)) = v′(µ) whenever µ ∈ Ω, v′
is a valuation of Ω extending v, and τ is a K-automorphism of Ω.
When v is Henselian, so is vL, for any algebraic field extension L/K.
In this case, we put Ov(L) = OvL(L), Mv(L) = MvL(L), v(L) = vL(L),
and denote by L̂ the residue field of (L, vL). Clearly, L̂/K̂ is an algebraic
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extension and v(K) is an ordered subgroup of v(L), such that v(L)/v(K) is
a torsion group; the index e(L/K) of v(K) in v(L) is called a ramification
index of L/K. By Ostrowski’s theorem (cf. [7], Theorem 17.2.1), if [L : K]
is finite, then it is divisible by [L̂ : K̂]e(L/K), and [L : K][L̂ : K̂]−1e(L/K)−1
has no divisor p ∈ P different from char(K̂). The extension L/K is defectless,
i.e. [L : K] = [L̂ : K̂]e(L/K), in the following three cases:
(2.2) (a) If char(K̂) ∤ [L : K] (apply Ostrowski’s theorem);
(b) If (K, v) is HDV and L/K is separable (see [7], Sect. 17.4);
(c) If (K, v) is HDV and K is an almost perfect field; in particular, this
holds when (K, v) is a complete discrete valued field, such that K̂ is perfect,
as well as in the case where K is an algebraic extension of a global field.
Assume that (K, v) is a nontrivially valued field. A finite extension R of K
is said to be inertial with respect to v, if R has a unique (up-to equivalence)
valuation vR extending v, the residue field R̂ of (R, vR) is separable over K̂,
and [R : K] = [R̂ : K̂]; R/K is called a TR-extension with respect to v, if v
has a unique prolongation vR on R, and the index of v(K) in vR(R) equals
[R : K]. When v is Henselian, R/K is TR, if e(R/K) = [R : K]. Under
the same condition, inertial extensions of K (with respect to v) have the
following useful properties (see [19], Theorem A.23):
(2.3) (a) An inertial extension R′/K is Galois if and only if R̂′/K̂ is Galois.
When this holds, G(R′/K) and G(R̂′/K̂) are canonically isomorphic.
(b) The compositum Kur of inertial extensions of K in Ksep is a Galois
extension of K with v(Kur) = v(K) and G(Kur/K) ∼= GK̂ .
(c) Finite extensions of K in Kur are inertial, and the natural mapping
of I(Kur/K) into I(K̂sep/K̂) is bijective.
Next we present several characterizations of fields of dimension ≤ 1 in
the class of algebraic extensions of any HDV-field (K, v) with a qusifinite
residue field. They are stated as a lemma whose proof in the case where
(K, v) is a local field with char(K) = 0 can be found in [18], Ch. II.
Lemma 2.1. Assume that (K, v) is an HDV-field with K̂ quasifinite, fix
a number p ∈ P, and let R/K be an algebraic field extension. Then the
following three conditions are equivalent:
(a) Br(R)p = {0};
(b) Br(R′)p = {0}, for every algebraic field extension R
′/R; this holds if
and only if Br(R′)p = {0}, when R
′ runs across the set Fe(R);
(c) p does not divide the period of the quotient group R′∗/N(R′1/R
′), for
any R′1 ∈ Fe(R) and every R
′ ∈ I(R′1/R).
In addition, if R/K is separable or K is almost perfect, then Br(R)p = {0}
if and only if there is a sequence Rn, n ∈ R, of finite extensions of K in R,
such that pn divides the degree [Rn : K], for each index n.
Proof. It is not difficult to see that Br(R)p equals the union of the images
of Br(Λ)p under the scalar extension maps Br(Λ) → Br(R), when Λ runs
across the set of finite extensions of K in R (cf., e.g., [6], (1.3)). Therefore,
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Lemma 2.1 can be deduced from the fact that K is a quasilocal field, in the
sense of [6] (see [17], Ch. XIII, Sect. 3, and [6], Corollaries 8.5 and 8.6),
together with the Albert-Hochschild theorem (cf. [18], Ch. II, 2.2). 
For an arbitrary field R, it is known that conditions (b) and (c) stated
in Lemma 2.1 are equivalent, and when they hold, GR is a profinite group
of cohomological p-dimension cdp(GR) ≤ 1; it is also known that this impli-
cation is an equivalence in case R is perfect or p 6= char(R) (cf. [18], Ch.
II, 3.1, and [9], Theorem 6.1.8). This indicates that if R is a perfect field,
then dim(R) ≤ 1 if and only if cd(GR) ≤ 1 (see also Remark 3.2 below). As
to condition (a) of Lemma 2.1, generally it is weaker than conditions (b)
and (c). For example, M. Auslander has observed that the formal Laurent
power series field Qsol((X)), where Qsol is the compositum of finite Galois
extensions of Q in Qsep with solvable Galois groups, satisfies condition (a)
but violates condition (b), for each p ∈ P (see [18], Ch. II, 3.1).
Remark 2.2. It follows from well-known general properties of algebraic field
extensions (cf. [15], Ch. VII) that the concluding assertion of Lemma 2.1
holds, for p 6= char(K) and any algebraic extension R of K. This is not
necessarily true, if p = char(K) and there exists an infinite immediate purely
inseparable extension K ′/K. Indeed, then there exist fields Rn ∈ I(K
′/K),
n ∈ N, such that [Rn : K] = p
n, for each index n. Also, the unique valuation
of K ′ extending v is Henselian and discrete with a residue field K̂ ′ = K̂, so
K̂ ′ is quasifinite. This implies Br(K ′) is isomorphic to the quotient group
Q/Z (see [17], Ch. XIII, Sect. 3); in particular, Br(K ′)p′ 6= {0}, for every
p′ ∈ P. Putting R = K ′, one obtains a counter-example to the concluding
assertion of Lemma 2.1, for p = char(K).
At the end of this Section, note that a field R satisfies dim(R) ≤ 1 if and
only if N(R′1/R
′) = R′∗, for any R′1 ∈ Fe(R) and every R
′ ∈ I(R′1/R) (cf.
[18], Ch. II, 3.1). It is known (and easy to see) that N(R′1/R
′) = R′∗ if and
only if the E-form NR′
1
/R′(X1, . . . ,Xn)−aX
n
n+1 has a nontrivial zero over R
′,
for each a ∈ R′∗, where n = [R′1 : R
′] and NR′
1
/R′(X1, . . . ,Xn) is the norm
form of degree n in algebraically independent variables X1, . . . ,Xn over R
′,
associated with a fixed R′-basis of R′1. This equivalent form of condition (c)
of Lemma 2.1, proves that C1-fields have dimension ≤ 1, and leads directly
to the main question considered in the present paper.
3. Proof of Theorem 1.2 (a)
Let (K, v) be an HDV-field with K̂ quasifinite, and let L/K be an alge-
braic field extension. Then it follows from Lemma 2.1, statements (2.2) (b)
and (c), and the injectivity of the scalar extension map Br(K) → Br(Kv),
that dim(L) ≤ 1 if and only if L̂(p) = L̂ or v(L) = pv(L), for each p ∈ P.
This can be restated by saying that dim(L) ≤ 1 if and only if the intersec-
tion S(L) ∩ Σ(L) is empty, where S(L) = {p ∈ P : G(L̂(p)/L̂) ∼= Zp} and
Σ(L) = {p ∈ P : v(L) 6= pv(L)}. Let us note that, by Lang’s theorem [14], L
is a C1-field, provided that K = Kv and S(L) = φ (the condition on S(L)
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ensures that L contains as a subfield Kur). Thus our interest in the present
paper concentrates on the case where S(L) 6= φ.
The proof of Theorem 1.2 is carried out in two main steps. First, we show
that there exist subsets S and Σ of P satisfying the following conditions:
(3.1) (a) Σ is infinite, S ∩ Σ = φ, and for each p ∈ Σ, there is an integer
k(p), such that 2 ≤ k(p) ≤ [(p−1)/2] and all prime divisors of k(p).(p−k(p))
lie in S;
(b) gcd(k(p), k(p′)) is a 2-primary number in case p, p′ ∈ Σ and p 6= p′.
The proof of (3.1) relies on Dirichlet’s theorem about the prime numbers
in an arithmetic progression, and on the Chinese Remainder Theorem. Using
repeatedly these theorems, one obtains inductively that there exist positive
integers kn, pn, n ∈ N, satisfying the following conditions:
(3.2) (a) k1 = 2, p1 = 5, and for each index n, kn ≡ 2
n(mod 2n+1) and
pn ∈ P;
(b) If n ≥ 2, then kn ≡ 1 (mod
∏n−1
j=1 pjkj.2
−j(pj − kj)),
pn ≡ 2 (mod
∏n−1
j=1 kj .2
−j(pj − kj)), pn ≡ 1(mod kn), and pn ≥ 1 + 2kn.
Let now Σ = {pn : n ∈ N} and S = {p ∈ P : p | kn(pn − kn), for some
n ∈ N}. Arguing by induction on n, and using (3.2), one obtains that
pn /∈ S, for any n, i.e. Σ ∩ S = φ. Moreover, it is easily verified that S and
Σ satisfy conditions (3.1), where k(pn) = kn, for each n ∈ N.
Our second main steps towards the proof of Theorem 1.2 shows that
S = S(E) and Σ = Σ(E), for some algebraic extension E of K. Denote by
K̂(S) the compositum of the maximal p-extensions K̂(p), p ∈ P\S, (viewed
as subfields of K̂sep). It is well-known (cf. [19], Theorem A.23) that Kur
contains as a subfield a Galois extension K(S) of K with G(K(S)/K) iso-
morphic to G(K̂(S)/K̂); in particular, this ensures that cdp(GK(S)) ≤ 1 and
Br(K(S)′)p = {0} whenever p ∈ P\S andK(S)
′ is a finite extension ofK(S).
Now fix a uniform element pi ∈ K (i.e. a generator of the ideal Mv(K)),
and for each t ∈ P \ Σ, define inductively a sequence pit,n ∈ Ksep : n ∈ N,
so that pit,1 = pi, and pi
t
t,n = pit,(n−1), for every index n ≥ 2. It is easily
verified that for any t ∈ P \ Σ, the extension K(Θt) of K generated by
the set Θt,n = {pit,n : n ∈ N} is infinite and finite subextensions of K in
K(Θt) are totally ramified of t-primary degrees. It is therefore clear that
Br(K(Θt)
′)t = {0}, provided that t ∈ P \ Σ and K(Θt)
′/K(Θt) is a finite
extension. Moreover, it follows that cdt(GK(Θt)) ≤ 1, for all t ∈ P \ Σ.
Our next objective is to prove that the compositum E of the fields K(S)
and K(Θt), t ∈ P\Σ, has the properties required by Theorem 1.2. Note first
that the equality S∩Σ = φ is equivalent to the one that (P\S)∪(P\Σ) = P.
Therefore, the described properties of K(S) and K(Θt), t ∈ P \ Σ, indicate
that (E, v) satisfies the following:
(3.3) (a) Finite extensions of K(S) in E are totally ramified and their
degrees are not divisible by any λ ∈ Σ;
(b) dim(E) ≤ 1, the absolute Galois group G
Ê
is isomorphic to the topo-
logical group product
∏
p∈S Zp, and v(E) 6= pv(E) if and only if p ∈ Σ; in
other words, S(E) = S and Σ(E) = Σ.
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It follows from (3.3), Galois theory and the definition of S that E possesses
cyclic extensions En and E
′
n, such that [En : E] = kn, [E
′
n : E] = pn−kn and
En.E
′
n ⊂ Eur, for each n ∈ N. Fix primitive elements ξn ∈ Ov(En)
∗ and ηn ∈
Ov(E
′
n) of En/E and E
′
n/E, respectively, so that the residue classes ξˆn ∈ Ên
and ηˆn ∈ Ê
′
n are primitive elements of Ê
′
n/Ê and Ê
′
n/Ê, respectively, and
consider a system Xn = Xn,i, i = 1, . . . , kn, of algebraically independent el-
ements over E. Clearly En(Xn)/E(Xn) and E
′
n(Xn)/E(Xn) are cyclic field
extensions of degrees kn and pn−kn, respectively, and the product gn(Xn) of
the norms NEn(Xn)/E(Xn)(
∑kn
i=1 ξ
i−1
n Xn,i).NE′n(Xn)/E(Xn)(
∑kn
i=1 η
i−1
n Xn,i) is
a homogeneous polynomial of degree pn in the variables Xn,i, i = 1, . . . , kn,
with coefficients in Ov(E). Moreover, it follows from the Henselity of v,
the inclusion EnE
′
n ⊂ Eur, and the definition of ξn and ηn, that for any
kn-tuple α¯n = (αn,1, . . . , αn,kn) ∈ Ov(E)
kn , gn(α¯n ∈ Ov(E), and one has
gn(α¯n) ∈ Mv(E) if and only if αn,i ∈ Mv(E), i = 1, . . . , kn. Observe
also that v(gn(β¯n)) ∈ pnv(E) whenever β¯n = (βn,1, . . . , βn,kn) ∈ E
kn and
βn,i 6= 0, for some index i. Let now X˜ = Xn,i,j : i = 1, . . . , kn; j = 1, . . . , pn,
be a system of pnkn algebraically independent variables over E, and let
fn(X) =
∑pn
j=1 gn(Xj).pi
j , where Xj = Xn,i,j, i = 1, . . . , kn, for each fixed
j ∈ {1, . . . , pn}. Taking into account that v(pi) /∈ pnv(E), and using the
noted properties of gn(X), one concludes that
(3.4) For any n ∈ N, fn(X˜) is an E-form of degree pn in pnkn variables,
which does not possess a nontrivial zero over E.
It is clear from (3.4) that E is not a C1-field. In addition, it follows from (3.3)
(b) and Galois theory that if E′ is a finite extension of E, then S(E′) = S(E)
and Σ(E′) = Σ(E). Therefore, E′ preserves the properties of E described
by (3.3) (b), which enables one to show by the method of proving (3.4) that
E′ is not a C1-field. Theorem 1.2 is proved.
Theorem 1.2 and our next result exhibit the fact (pointed out in the title
of this paper) that, for any global or local field K, fields of dimension ≤ 1
that are algebraic extensions of K need not be C1-fields.
Corollary 3.1. Let K be a global field, v a Krull valuation of K, and K ′ the
relative separable closure of K in Kv. Then K
′ has an algebraic extension
E′, such that dim(E′) ≤ 1 and the finite extensions of E′ are not C1-fields.
Proof. Denote by v′ the valuation of K ′ induced by the valuation v¯ of Kv,
which continuously extends v. It follows from the conditions on K ′ that v′
is a Henselian discrete valuation extending v. Note also that (K ′, v′)/(K, v)
is immediate, whence, K̂ ′ equals the residue field of (K, v), and therefore is
finite. Now the existence of an extension E′ ofK ′ with the properties claimed
by Corollary 3.1 is obtained by applying Theorem 1.2 to (K ′, v′). 
Remark 3.2. As recalled in Section 2, we have cd(GF ) ≤ 1, for every field
F with dim(F ) ≤ 1. Conversely, each profinite group G with cd(G) ≤ 1 is
isomorphic to GF ′ , for some perfect and PAC (pseudo algebraically closed)
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field F ′ [16], page 44 (see also [8], Corollary 23.1.2). Since the class of C1-
fields contains all PAC fields of characteristic zero [12], this shows that one
cannot determine whether a field F with dim(F ) ≤ 1 and char(F ) = 0 has
type (C1), relying only on properties of GF as a profinite group.
It follows from the definition of fn and general properties of norm map-
pings that fn has no nontrivial zeroes over any extension of E of degree prime
to pnkn(pn− kn). Since, by (3.2), gcd(pmkm(pm− km), pnkn(pn− kn)) = 2
m
whenever m,n ∈ N and m < n, this supplements our main result as follows:
(3.5) With assumptions being as in the proof of Theorem 1.2, for each
finite extension E′/E of odd degree, there is a finite subset m(E′) ⊂ N, such
that the forms fn, n /∈ m(E
′), have no nontrivial zeroes over E′.
Our next result shows that the restriction on the degree [E′ : E] in (3.5)
can be lifted, for a suitable choice of E.
Proposition 3.3. In the setting of Theorem 1.2, the algebraic extension E
of K can be chosen so that dim(E) ≤ 1 and there exist E-forms fn, n ∈ N,
without nontrivial zeroes over E, which satisfy the following conditions:
(a) deg(fn) = pn and fn depends on pntn variables, for some pn, tn ∈ P,
such that tn < pn/3;
(b) The sequence pntn, n ∈ N, increases and consists of pairwise relatively
prime odd numbers;
(c) For any finite extension E′/E, there is a finite subset m(E′) of N, such
that the fn does not possess a nontrivial zero over E
′ in case n /∈ m(E′).
Proof. Our starting point is the following fact:
(3.6) For each finite subset P of P, there exists n(P ) ∈ N, such that
every odd integer N > n(P ) is presentable as a sum of three distinct prime
numbers, each of which is greater than any element of P .
Statement (3.6) is an immediate consequence of the following result:
(3.7) For any α ∈ R satisfying 0 < α < 1, there is a constant M(α), such
that every integer N > M(α) is presentable as the sum N = p1 + p2 + p3,
for some pi ∈ P, i = 1, 2, 3, depending on N so that N
α < p1 < p2 < p3.
Statement (3.7) has been deduced by Ax (see [3], Lemma 2) from Vino-
gradov’s theorem on the Ternary Goldbach Problem. Proceeding by induc-
tion on n, and using (3.6) and (3.7), one proves the existence of 4-tuples
(tn, θn, yn, pn), n ∈ N, subject to the following conditions, for each index n:
(3.8) (a) tn, θn, yn and pn lie in P, and tn + θn + yn = pn;
(b) 2 < tn < θn < yn and pn < tn+1.
The rest of the proof of Proposition 3.3 goes along the lines drawn in
the concluding part of the proof of Theorem 1.2 (after (3.2)), so we present
only its main steps and omit details. Put S = {tn, θn, yn : n ∈ N} and
Σ = {pn : n ∈ N}. It is clear from (3.8) (b) that S ∩ Σ = φ. This allows
us to construct an algebraic extension E of K satisfying (together with
Ê and v(E)) the conditions described in (3.3). The fulfillment of these
conditions ensures the existence of cyclic extensions Tn, Θn and Yn, n ∈ N,
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of E in Eur of degrees [Tn : E] = tn, [Θn : E] = θn and [Yn : E] = yn, for
each n. Fix primitive elements ξn ∈ Ov(Tn)
∗, ηn ∈ Ov(Θn)
∗, and δn ∈
Ov(Yn)
∗ of Tn/E, Θn/E and Yn/E, respectively, so that the residue classes
ξˆn ∈ T̂n, ηˆn ∈ Θ̂n and δˆn ∈ Ŷn be primitive elements of T̂n/Ê, Θ̂n/Ê and
Ŷn/Ê, respectively. Take a system Xn = Xn,i, i = 1, . . . , tn, of algebraically
independent variables over E, and let gn(Xn) be the product of the norms
NTn(Xn)/E(Xn)(
tn∑
i=1
ξi−1n Xn,i), NΘn(Xn)/E(Xn)(
tn∑
i=1
ηi−1n Xn,i)
and NYn(Xn)/E(Xn)(
tn∑
i=1
δi−1n Xn,i)
Clearly, gn(Xn) ∈ Ov(E)[Xn], gn(Xn) maps Ov(E) into itself, and the pre-
image of Mv(E) equals Mv(E)[Xn]. Note also that gn(Xn) is an E-form
of degree pn. Now fix an index n, observe that v(E) 6= pnv(E), take an
element pin ∈ E
∗ so that v(pin) > 0 and v(pin) /∈ pnv(E), and consider
a system X˜ = Xn,i,j : i = 1, . . . , tn; j = 1, . . . , pn, of pntn algebraically
independent variables over E. It follows from the described properties of
gn(Xn) that the polynomial fn(X˜) =
∑pn
j=1 gn(X˜j).pi
j
n has the properties
described by (3.4) (with tn instead of kn), where X˜j = Xn,i,j, i = 1, . . . , tn,
for each fixed j ∈ {1, . . . , pn}. Furthermore, it is clear from the definition
of fn and well-known elementary properties of norm mappings that fn has
no nontrivial zeroes over any extension of E of degree prime to pntnθnyn.
Observing finally that tn < pn/3, and the products pmtmθmym and pntnθnyn
are relatively prime numbers, for each m ∈ N, m 6= n (apply (3.8)), one
completes the proof of Proposition 3.3. 
Remark 3.4. Let E be an algebraic extension of Q not embeddable in R or
an algebraic extension of Qp, for some p ∈ P. We refer the reader to [20] (see
also [10]), for a proof of the following result (stated as a conjecture by Kato
and Kuzumaki in [11]): E is a field of type (C11 ), that is, for every E-form
in n+ 1 variables with deg(f) ≤ n, every element of E∗ is presentable as a
product of norms from finite extensions E′/E, such that f has a nontrivial
zero over E′. This result implies in conjunction with Theorems 1.1 and 1.2
that the set of C1-fields belonging to I(Qsep/Q) is properly included in the
set of fields Ψ ∈ I(Qsep/Q) with dim(Ψ) ≤ 1 and type (C
1
1 ).
4. An example of a Galois extension of Q related to Artin’s
conjecture concerning the maximal abelian extension of Q
Theorems 1.1, 1.2 and Proposition 3.3 leave open the question of whether
a field E with dim(E) ≤ 1 is of type (C1), provided that E/Q is a Galois
extension. It would be of particular interest to know the answer to this
question in the special case where G(E/Q) is abelian. Artin’s conjecture
states that the answer is affirmative, for the compositum Qab of all finite
abelian extensions of Q in Qsep. The purpose of the concluding result of this
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paper is to turn the reader’s attention to another special case of the main
question considered in this paper, which is related to Artin’s conjecture.
Proposition 4.1. Let E be an extension of Q generated by the set Ψ =
{εp : p ∈ P}, where εp is a primitive p-th root of unity in Qsep, for each p.
Then dim(E) ≤ 1 and every nonarchimedean valuation of E is discrete with
an algebraically closed residue field.
Proof. As shown by by Lang [14], complete discrete valued fields with al-
gebraically closed residue fields are of type (C1). At the same time, the
field E is clearly not embeddable in R, which ensures (cf. [18], Ch. II, 3.3,
page 81) that if dim(Ev) ≤ 1, for every nontrivial (Krull) valuation v of E,
then dim(E) ≤ 1. Thus the latter assertion of Proposition 4.1 implies the
former one. In the rest of our proof, we fix an arbitrary nontrivial valuation
v of E, and show that it has the properties required by Proposition 4.1.
Let ω be the valuation of Q induced by v. The algebraicity of E/Q
ensures that ω is nontrivial, and by Ostrowski’s classification of real-valued
nontrivial valuations on Q (cf. [5], Ch. I, Sect. 4, Theorem 3, or [7],
Example 4.1.2), it is equivalent to the p-adic valuation of Q, for some p ∈ P;
in particular, ω(Q) is an infinite cyclic group. Denote by Ep¯ the extension
of Q generated by the set Ψp¯ = {εp′ : p
′ ∈ P, p′ 6= p}. It is well-known (cf.
[5], Ch. V, Sect. 2.2) that, for any finite subset Φp¯ of Ψp¯, the extension
Q(Φp¯)/Q is unramified relative to ω and any of its prolongations on Q(Φp¯).
This indicates that ωp¯(Ep¯) = ω(Q), for every valuation ωp¯ of Ep¯ extending
ω. Note further that ω extends uniquely, up-to equivalence, to a valuation
ωp of Q(εp), and Q(εp) is totally ramified over Q relative to ωp/ω (cf. [4],
Lemma 1.3); this implies Ep¯ ∩ Q(εp) = Q, so it follows from Galois theory
that [E : Ep¯] = [Q(εp) : Q] = p − 1. At the same time, one concludes that
v(E) = ωp(Q(εp)) and ω(Q) is a subgroup of v(E) of index p − 1. As v(E)
is an ordered group, this proves that v is a discrete valuation. It remains to
be seen that the residue field Ê of (E, v) is algebraically closed. As E/Q is
algebraic, this amounts to showing that Ê is a separable closure of Fp, the
residue field of (Q, ω). Clearly, our assertion will follow, if we prove that
(4.1) For any fixed pair (l, n) ∈ P×N with n ≥ 2, there are infinitely many
qn ∈ P\{p}, such that the extension Fp(γn)/Fp, where γn is a primitive qn-th
root of unity in Fp,sep has degree [Fp(γn) : Fp] divisible by l
n.
Denote by M the root field in Qsep of the binomial X
l2 − p ∈ Q[X] and for
each ν ∈ N, put Lν = Q(δν), where δν ∈ Qsep is a primitive root of unity
of degree lν+1. Clearly, M/Q and Lν/Q, ν ∈ N, are Galois extensions with
[Lν : Q] = l
ν(l − 1) and G(Lν/Q) abelian, for each index ν. We prove that
[M : Q] = l3(l − 1). Our proof relies on the fact that δ1 ∈ M , and on the
above-mentioned properties of L1/Q. Observe also that the choice of M
ensures that it contains an l-th root η of p. Since p > 0 and the polynomial
X l − p is p-Eisensteinian, this implies the following: [Q(η) : Q] = l and the
field Q(η) is embeddable in R; if l > 2, then Q(η) is not totally real (the
extension of Q generated by all l-th roots of p lying in Qsep is not embeddable
in R), whence, Q(η)/Q is not a Galois extension. Taking further into account
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that L1 does not embed in R, and all extensions of Q in L1 are Galois, one
concludes that Q(η) ∩ L1 = Q. In view of Galois theory, this indicates that
L1(η)/Q(η) is a Galois extension with [L1(η) : Q(η)] = l(l− 1). In addition,
it follows that [L1(η) : Q] = l
2(l−1) and [L1(η) : L1] = l. The latter equality
proves the irreducibility of the polynomial X l − p over L1. As δ1 ∈ L1, this
leads to the conclusion that X l
2
− p is an irreducible polynomial over L1
(cf. [15], Ch. VIII, Sect. 9). Observing now that M is an extension of L1
obtained by adjunction of an l2-th root of p, one obtains consecutively that
[M : L1] = l
2 and [M : Q] = l2[L1 : Q] = l
3(l − 1), as claimed.
We turn to the proof of (4.1). Denote by W and Wn the rings of alge-
braic integers in M and Ln, respectively, and by P (Φ/Q) the set of those
prime numbers which split in Φ, for Φ = W,Wn. It is well-known (cf. [4],
Lemma 1.4) that P (Ln/Q) = {λn ∈ P : λn ≡ 1(mod l
n+1)}. Note also that
the discriminant, say d(l; p), of the binomial X l
2
− p is not divisible by any
t ∈ P different from l and p. Therefore, it can be deduced from (2.3) (b)
and Kummer’s theorem (cf. [4], Addendum) that all t ∈ P different from
l and p are unramified in W , and P (M/Q) consists of those λ ∈ P \ {p},
for which λ ≡ 1 (mod l2) and the congruence X l
2
≡ p(mod λ) has a solu-
tion aλ ∈ Z. As a main step towards the proof of (4.1), we show that the
complement P (Ln/Q) \ P (M/Q) is an infinite set. Assuming the opposite,
one obtains from Bauer’s theorem (cf. [5], Ch. V, Sect. 3, Theorem 2’)
that M must be a subfield of Ln, whence, G(M/Q) must be a homomorphic
image of G(Ln/Q). This, however, is impossible, since G(Ln/Q) is abelian
whereas G(M/Q) is nonabelian. Indeed, the noncommutativity of G(M/Q)
is implied by the fact that any extension of Q in M generated by a root of
the binomial X l
2
− p is embeddable in R but is not totally real, so it is not
normal over Q (by Galois theory, this means that G(M/Q) has a subgroup
that is not normal). Thus the infinitude of P (Ln/Q) \ P (M/Q) follows.
It is now easy to prove (4.1). Fix a primitive qn-th root of unity γn ∈
Fp,sep, and take an element qn of P (Ln/Q) \ P (M/Q) different from p. It
is known (cf. [4], Lemma 1.4) that [Fp(γn) : Fp] = p
µn , where µn is the
minimal positive integer satisfying pµn ≡ 1 (mod qn). This ensures that
µn | qn−1, and since F
∗
p is a cyclic group, it also follows that the congruence
Xρn ≡ p (mod qn) has a solution bn ∈ Z, where ρn = (qn − 1)/µn. Hence,
by the choice of qn, l
2 ∤ ρn and l
n+1 | qn − 1, which implies l
n | µn, and so
completes the proof of (4.1) and Proposition 4.1. 
It follows from Bauer’s theorem that Proposition 4.1 retains validity, if
E is replaced by the extension EΠ of Q obtained by adjunction of primitive
p-th roots of unity εp ∈ Qsep, when p runs across the complement P \Π, for
some finite subset Π of P. The question of whether EΠ is a C1-field is open.
Lang’s theorem [14] and Proposition 4.1 show that the completion EΠ,v is
a C1-field, for any nontrivial valuation v of EΠ. Thus the stated question
concerning EΠ is equivalent to the problem of finding whether the Hasse
principle applies to EΠ-forms in more variables than their degrees.
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